
Math 451: Introduction to General Topology
Lecture 10

Difference form of triangle inequality .
Let (, d) Spaedo) metric space .

Then for all x
, yet,

(d(x
, y) - d(z ,y)) = d(x , z) .

Proof
.

This is equivalent to - d(x
,
z) = &(xs)-d(z,3) = dIx ,z) and both inequalities are just A inequal

lity: d(x
,s) - d(z , g) = d(x,z) <=)d(x,3) = d(x, z) + &(7, 3) : - &(x, z) = d(x, y) - ((z,3)Ld1z ,y) = ((z, x) +d(x, y).

Thorem (Kaplinstei). Every metric space (X
,
d) isometrically injects into BIX

,
1M)

.

Thus
,
the

closure of the image of X in B(X
,
IR) is a completion of X.

Proof
. First consider , for each xEX , the function dx : X + IR by dxly) : = &(x, y).

IR Clearly ,
for

any X,
zEX,

de a) (d(x,
Mx

du(dx
,
dz) = d(x

,
z)

D ↑
because of the triangle inequality (the difference form above

Z * Id(x
, 3) - d(z , 3)) = dkx

,
z) and the equality is achieved at y = z

andyex . Thus
,
xHdx is an isonets not do on the right , but the do are not bounded

in general , so the codomain isn't is(X , 1R) . b for Busemann

To get bounded functions instead ,
we fix a point XoEX (tink of it as a root or 0,

and for each xEX
,
define bx : X + IR by bx : = dx-dxo

.
Note that for

my yEX ,
(by(y)) = (dx() - Mxo(y)) = (d(x ,s) - d(x0,4)) zdXX) , so lbx = dxx

,
ie byis

bounded. And still
,
X1 &x is an isometry :

du (bx
,
bz) = sp(bx() - bz()) =Sp(d(x, x) -d(x, y)

- d(z,) +d)
y(Y

= (dx() - da()) = du(dx
,
da) = d(x , z) .

Mus
,
XHbx is an iometry X- > BIX, 1) . Here the dose 16x : xEXY is a completionoof (X
, d) .



Continuity -

First we recall/define continuity for functions between metric spaces.

Def
. For metric spaces (X

, dx) , IY, dul , and XoEX , a function f:X-s Y is said to be continuous

atXo if FEO J530 such that for all xex
,
wherever &xo,X) 5 , we have drifke),f(x)) c2

.

This is the same as f(Br(xo)) = Ba(fixo)) ; equivalently , Brkol = ↑
" (Balf(e) .

We rephrase this without mentioning 2
,
5:

Prop . For metric spaces (X
, dx) , (Y, dil , xoeX , and a function f : X-sY

,
TFAE :

(1) fis continuous at Xo
,

i
. e . V90Edo0 cit

. Bilxo) = f"(Balfkol) .
(11) for every open ball BEY centered at fixol

,
+ (B) contains an open

ball centered at xo.

(2) for every open set set V2f(x)
,
f"/) contains an open set U = Xo

·

f"(v) is a neighbourhood of X.
(l) the fepreimage of an open neighbourhood of fixol is a neighbourhood of Xo.

Proof
. We only need to prove (1) >(2) since the others are rephrasings.

(1)= (2)
.

Let Vaf(xo) be open . Then 1320 sit
. Balfhol) = V. By (11)

,
7630 such let

Br(x) = f" (Balf(xd)) =f + (v) ·
# = (1)

.

Let B : = Balfko)) . By 121
,
f"(B) = Uzxo Where U is come open

set
. Thus 75s0

s .t
. Bi(xo) = U = F" (Ba(f(x)) .

Caution . In 1211
,
f'Il may

not be open in general , even if V is open because of discontinuities
at other points. For example , take f : IR-IB defined by f(x):-
Then F"(l1 ,3)) = 403 VIE , 1) , which isn't open. 1 -

0 : 1

* ef. Let X
,
Y be metoc spaces .

A function f :X- Y is said to be continuous if it is continuous



at
every xoEX
.

Prop . For metric space ,
X
, Y, a function f : X-> Y is continuous if and only if fopeimages

of
open ats are open , f"(open) = open.

Proof.. Immediate from (2) above.

=> Let VIY be open .
To dow that f"(V) is open , we fix xof"I and show let

some ball centered at xo in If"N) . But this is true by (2) since - open Xo EUEFI),
hence I

open ball B undered at to with BEUEF"(V) . Thus
,
fY(V) is open.

Remark
. Topology is defined by open sets, so continuous functions are the homomorphism between the topo-
logies.

Example of continuous bijection with discontinuous inverse . Ut (X
, dx) : = (lR , da) , where do

,
is the

8) - metric on R
.

Let (T, di) : = CIR , usual metrich . Let F : IB-117 be the identity x+X .
Then every subset ofR is open not do-metric , so t is continuous . But f" : (R, uscal ->

CM
,
doil

,
and 103 is open in da

, by "(202) = 30) is not open in the usual metric of IR.

Examples. (a) let F : 10*+ [0 , 1) by f(x):= P
.
X
. X , X ... treated an decimal representation of reals.

this is subjective but not injective beass some rationals have two different decimalpresen-
tations

,
like 0

, 47999 ... = 0
.
48000

... This map
f is continuous became

"
(F)
,

where I: Co , i) is an intersection of an open interval with 90 , 1 leg . I= Co
, 2) , lis),

It , i) is open since if X(F
* (1) then taking nEIN large enough , we get that

[x(n] = f"(l) bene if 0
. Xox, ... Xa-1 X ... and 0, yoy ... Yu+ In ... coincide up

to

the uthe digit then their distance is 10.
We can do the same with IN-10

,
1 by taking binars representations instead.

(6) Thomae's function
.

Let T: 10
,
1 -> [0

,
] be defined by

TM := Go
itRid

in ifx and x = m is reduced.



Claim
.

T is continuous at irrationals and discontinuous at rationals.
Proof. If x = I is a rational and is reduced

,
then T(x) = in and V : = 10,) > In

is open while T" (V) only contains rationals
,
so it cannot contain an open interval

Is X bene every nonempty open
interval contains an irrational (HW).


